ABSTRACT Slitless coudé spectrograms of the small, low-excitation, planetary nebula IC 418 are analyzed to determine the intensity distribution across the disk in various monochromatic images. From an analysis of these intensity distributions an attempt is made to find the emission per unit volume. The emission in ergs/cm 3 /sec is expressed in c.g.s. units, and the approximate ionic densities of H, He, N n, O n, O m, Ne in, and S n are derived.
in plan, only those which are spherically symmetrical can be utilized to derive true spatial distributions of the radiating matter. Actually, none of the objects is truly symmetrical, and the only recourse is to select the most uniform-appearing and derive the intensity as a function of distance from the center. The method is to make microphotometer tracings across the center, average the two sides, and attempt to obtain the average emission per unit volume for various monochromatic images. Only qualitative results may be expected from this procedure, but they should, nevertheless, provide a more realistic approach to the interpretation of the nebulae than does the assumption of a uniform sphere or shell in which all the radiating atoms are evenly mixed.
For the purpose of deriving radial structure, one of the best prospects is the small, bright, low-excitation planetary IC 418. Although this object is somewhat oval in shape, it appears otherwise very uniform and smooth, with no disturbing fine structure visible in even the best photographs. We have therefore chosen it as a suitable nebula in which to attempt the determination of the distribution of the radiating atoms.
II. THE OBSERVATIONAL DATA
In this paper, and others, our intention is to carry the study of the structural features of the planetaries as far as possible with the best modern equipment and methods. A motor-driven image-rotating prism of fused quartz has recently been added to the coudé spectrograph at Mount Wilson to counteract the normal image rotation during exposure. Slitless spectrograms of a number of planetary nebulae have been obtained with this equipment, and detailed photometric measures are in progress. Some results for NGC 7662 and 6572 have already been briefly reported. 6 The slitless spectrograms on which this study is based were obtained with the 32-inch camera of the coudé spectrograph at the 100-inch telescope, with the image rotator adjusted to make the major axis of the nebula perpendicular to the dispersion.
7 Five exposures, ranging from 4 to 120 minutes, were made on a single plate during a period of good seeing. Guiding was accomplished by means of a hinged mirror, as previously described, 1 and photometric standards were impressed on another plate from the same box by means of the same spectrograph equipped with step slits. Microphotometer tracings were made across the nebular images perpendicular to the dispersion and also across the star spectrum close to the images. The tracings were reduced in the usual manner, and the intensity distribution in the nebular images was corrected for the contribution from the nucleus. Finally, it is necessary to correct for guiding error, seeing, and turbidity in the photographic emulsion, all three of which may be combined for the purpose. It is the blurring influence of these effects that causes the star image on the spectrogram to have a finite width. Let K(s) be the relative intensity distribution across the nuclear spectrum, where s is the distance from the center of the image. If 7o(x) is the observed intensity distribution in a nebular image after subtraction of the light of the central star and I(x) is the true distribution, then 7 0 and 7 are related by the integral equation
where K is so normalized that f la (x) dx = f I (y) dy . TO Equation (1) must be solved by successive approximations, and, if K(s) is narrow compared with /(y), the first approximation is sufficient. This first approximation is obtained by substituting 7 0 for / under the integral in equation (1), solving the equation for a new /o (call it /q), and then adding to the original I §(x) the amount / 0 -/ó-The result is, of course, that the steep parts of the curve become steeper and the fluctuations are enhanced.
As an example, Figure 2 shows for the initial cross-section / 0 (#), the ''diffusing kernel" K{s), and the resulting 7(x). The solution is checked by inserting the derived 7(y) into equation (1) and comparing the calculated 7 0 (ae) with the observed 7 0 (^). In Table 1 , where in each instance the maximum has been arbitrarily set equal to 1.0. It must be emphasized that these results are not of high accuracy. This is especially true of the weaker images, in which the correction for the central star is much larger than the final derived nebular intensity. In this respect a nebula with a relatively fainter nucleus would be more advantageous.
m. THE EMISSION FUNCTION
After the mean intensity distribution 7(x) for the various images has been found, the next step is to derive the emission per cubic centimeter, E(r). Theories of nebular line intensities 8 give the emission per cubic centimeter, and, if E(r) is known, the corresponding densities, W(r), of the various ions may be calculated. For a spherically symmetrical distribution of emitting material, I(x) and E(r) are related by the well-known integral equation,
whose formal solution involves a differentiation of the observed I(x). Since I(x) is subject to observational errors as well as to deviations from the exact values, because of the necessity of averaging both sides of the nebula, such a procedure can introduce large systematic errors. Hence the range in solution of E(r) is such that fairly large variations in this quantity will permit representation of I(x) within the errors of observation. The accuracy with which E(r) may be derived is thus much lower even than the already rather low accuracy of the I{x) values from which it is determined. This difficulty is inherent in any process depending upon the solution of equation (3).
In connection with an analogous problem, Chandrasekhar and Münch 9 have proposed the assumption of some plausible analytic form with adjustable parameters for functions of the type £(r), and the determination of the parameters from the moments of /(#). To apply this suggestion, we have assumed a ring structure of the form
where A, a, and b are constants to be evaluated and a must be positive for E{r) to remain finite at the center. The /zth moment of x is, by definition,
From equations (3) and (4) it may be shown that
Here A is found from the condition that xô = l, and the constants a and b are evaluated by means of the first and higher moments. Detailed calculation shows the values of A and b to be unstable in most instances, and it appears doubtful that significant results could be obtained by choosing a more complicated functional form for E(r), since the higher moments are poorly defined by the observations. The method finally used to determine E(r) is that employed by A. Wallenquist 10 for the analogous problem of finding the space distribution of stars in a spherical cluster from star counts made in concentric rings about the center. Consider the nebula as made up of n shells of constant density, d h ¿2, . . • d n and radii Xi, #2, . . . , x n . From purely geometrical considerations a set of equations may be derived which express I{x) as a function of the d's :
This set of equations may be solved for the d's:
where the ¿>'s are numbers (derived from the a's), some positive and some negative, and thus the various /¿'s enter with different signs in the calculation of dj. Thus in the derivation of E(r) by Wallenquist's method, one proceeds from an /(x)-curve to a histogram for E(r), and uncertainties in the I(x) values can again be accentuated in the derived E(r) values. However obtained, the E(r) functions must satisfy the condition that, when they are inserted into equation (3), they reproduce the observed intensity distribution I(x) within the errors of observation. Judged by this criterion, the E(r) histograms obtained by Wallenquist's method proved more reliable than do functions of the form of equation (4).
IV. APPROXIMATE CALIBRATION OE E(r)
The derived E(r) values have been placed on a relative scale by the condition that fE ( r) r 2 d r for each image be proportional to the intensity of the line integrated over the whole nebula. We have adopted the relative total intensities of the emission lines in IC 418 given in Table 2 , basing these values upon visual estimates by Wyse n and photometric studies by L. H. Aller. 12 The quantity of physical interest is the emission per unit volume in ergs per second, which could be computed if the distance and total emission of the nebula were known. Since neither of these quantities is known accurately, we must proceed by approximate methods.
There are two methods by which the electron density in a planetary nebula may be estimated. The first is that given by Menzel and Aller, 13 which requires a knowledge of the surface brightness in the Balmer continuum, the apparent size of the nebula and its distance, and the electron temperature, T e . The electron temperature is derived by comparing the intensity of X 4363 of [O in] with that of the green nebular lines, and it is further assumed that the nebula is of uniform density and constant T e throughout. On the other hand, no knowledge of, or assumptions concerning, any properties of the nuclear star are necessary.
10 Upsala Medd., No. 65, 1936. 12 Ap. 7., 93, 236, 1941. 11 Ap. /., 95, 356, 1942 . ^ Ap. /., 93, 195, 1941 A second means for estimating the electron density is provided by applying the methods developed by B. Strömgren 14 for the study of interstellar hydrogen. Here it is assumed that the relatively sharp outer boundary of a nebula such as IC 418 represents the zone where the ionization of hydrogen falls rapidly toward zero because of exhaustion of the ionizing radiation from the nucleus. This method, which has recently been utilized in a study of the planetary nebulae by Page and Greenstein, 16 also requires, in its simplest form, the assumption that density and electron temperature are uniform throughout the nebula. As in the procedure of Menzel and Aller, a knowledge of the apparent size and distance of the nebula is required, but, in addition, the surface temperature and radius of the central star must also be known. Strömgren has shown that the outer boundary, where S is the distance from the central star in parsecs, N e is the number of electrons per cubic centimeter, and Ou is the absorption coefficient at the limit of the Lyman series, 6.3 X 10 -18 . The quantity Ci is defined by log Q = ( -0.51 -+ log+ flog r + 2 log ~, where T and R are temperature and radius of the central star, Rq is the solar radius, and / is the ionization potential of hydrogen. It is unlikely that, in a nebula derived from a central star, either of the basic assumptions underlying both the foregoing methods of estimating N e is correct. Thus the location of the boundary of the Strömgren sphere may depend critically on the run of density and .ionization with radius. Moreover, it seems possible to account for bright rings, such as those in IC 418 and many other nebulae, only by supposing that the ring represents either a region of higher total density or one of lowered electron temperature. Nevertheless, for lack of a better means of proceeding, we have applied both methods to IC 418 and find that the resultant estimates of N e agree within the observational errors.
For both calculations we have taken the distance of IC 418 to be 1800 parsecs, from Berman's 16 results. In applying the Menzel-Aller method, we have used the earlier determinations of intensity in the Balmer continuum, 13 and have followed Page and Greenstein in assuming the radius and temperature of the nucleus to be 3 solar radii and 30,000°, respectively, in making the computation based on Strömgren's theory. Finally, ^Ap. 89, 526, 1939 . ™Ap. 114, 98, 1951 . u Lick Obs. Bull., 18, 57, 1937 with the general value of N e established, we can transform our measured E(r) into the density function Ni(r) for hydrogen ions (since it is assumed that Ni = A e ) The adopted density distribution of hydrogen ions is given in Table 3 . Since all the E(r) functions are known relatively and E(r) for hydrogen is expressible on an absolute scale, it follows that all the emission functions may now be expressed on an approximate absolute scale also.
V. APPROXIMATE DENSITIES OF VARIOUS IONS
From the E(r) values on an absolute scale given in Table 4 , the densities of the various radiating ions in the upper levels of the transitions involved may now be estimated. To derive from these numbers the total densities of the different ions requires, however, additional information. For instance, to estimate the total number of ionized nitrogen atoms from the emission per unit volume of the forbidden lines, we must know the target area for collisional excitation of the X D2 level. Likewise, to estimate the density of neutral helium from the observed intensity of X 4471, we must know how the population of the upper level deviates from its value for thermodynamic equilibrium at the given electron temperature. Unfortunately, the basic atomic parameters are poorly determined, and the E(r) values are of only qualitative significance at best; our results, therefore, are highly schematic.
The reductions from E(r) to the concentrations of A il, O H, O hi, Ae m, and S H are made with the aid of appropriate formulae 8 for the collisional excitation of forbidden lines. We have assumed the target area parameters, fi, 18 to be reduced by a factor of 3 for p 2 Figure 3 , where slight irregularities have been smoothed in drawing the curves. Only the general trends are significant; the details cannot be considered trustworthy. Any revision of the over-all electron density will change the scale of ordinates but not the shapes of the distributions. If, for example, N e is too large by a factor y, all the E{r) values in Table 4 should be multiplied by 1/y 2 and the ionic densities of Figure 3 diminished by a factor y, except for 0 n, where the factor appears to be closer to y 2 . The concentrations of W n, 5 n, and O n in the outer part of the nebula are conspicuous, whereas Ne m and 0 m have maximum concentrations at the center. Although both S ii and N n are shown to coexist to some extent with O m and Ne m in the central regions, we do not regard this result as certain. Probably the distributions of H, O n, N ii, and S n are very similar in the outer shell, and the small differences in our A T (r) curves represent the influence of errors of observation. Data on the distribution of O i would be of great interest, but these images were rather weak on our series of exposures.
The outer edges of the luminous shells may be sharper than we have pictured them. In any case, they are sharp enough to suggest the rapid decrease of ionization to zero as predicted by Strömgren's theory. This fact, together with the concentration of O m toward the center of the nebula, recalls the characteristics of certain interstellar gas clouds observed by Struve and his co-workers. Our results are not inconsistent with the concept of IC 418 as an extensive gas mass, only the inner portion of which is excited and rendered visible by radiation from the nucleus.
VI. DISCUSSION
Have we obtained any real information as to the distribution of mass with radius in IC 418? In our opinion the answer to this question is by no means an unqualified Yes. In the first place, the whole procedure, from original spectrogram to final Y(V)-curves, is of a type in which errors tend to accumulate and propagate with great fertility. This difficulty is inherent in the problem, and we know of no means of improving the situation other than to strive for increased accuracy at each step. In spite of all this, we feel that our final results are probably schematically correct in major outline-after all, they resemble closely what is visible to the eye on the original plate. But we are up against a much more formidable difficulty than accumulated errors. Looking at the curves of Figure 3 , as they stand, one is forced to the conclusion that hydrogen, which doubtless comprises the bulk of the nebular matter, has a most peculiar radial-density distribution. The curves for the other lines are understandable in terms of a smooth real-density distribution on which are superposed the effect of gradual outward depletion of exciting radiation; hence the particles of higher excitation are observed in the central regions, while the low-excitation particles become more abundant near the periphery. But for hydrogen no such explanation is available ; and we must conclude either that the density does indeed vary with distance, as shown in Figure 3 , a, or that the observed curve represents the combined effects of variable density and variable electron temperature or that the deviations of the distribution from spherical symmetry are seri-DISTANCE JN SECONDS OF ARC DISTANCE IN SECONDS OF ARC Fig. 3 .-Derived mean radial-density distributions. Curve a also represents the distribution of hydrogen. , 0. C. WILSON AND LAWRENCE H. ALLER ous. If the electron temperature is variable, its distribution must be known before we can deduce the true mass structure of the nebula, while, if the nebular matter does not have spherical symmetry, no unique solution for E{r) is possible.
Finally, it should be recalled that, of the nebular lines studied in this paper, only those of [S n] show a measurable expansion velocity.
1 All the others, including the lines of [0 n] and [N n], are single. This probably means that the [S n] lines are produced farther out than those of [0 n] and [N n] and may provide a measure of the hydrogen velocity on the extreme outer fringes of the luminous region. There is some slight evidence from Figure 3 that the [S n] maximum occurs a trifle farther out from the nucleus than do the maxima of [0 n] and [W n]. The differences are so small, however, that they may well be due entirely to observational error. Further theoretical discussion will be reserved for a later paper.
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